We propose a scheme for realizing a two-qubit controlled phase gate via an unconventional geometric phase with two non-identical and spatially separated quantum dots trapped in a photonic crystal cavity. In this system, the quantum dots simultaneously interact with a large detuned cavity mode and strong driving classical light fields. During the gate operation, the quantum dots undergo no transitions, while the cavity mode is displaced along a closed path in the phase space. In this way, the system can acquire different unconventional geometric phases conditional upon the states of the quantum dots, and a twoqubit entangling gate can be constructed.
Introduction
As it is well known, a solid state implementation of cavity quantum electrodynamics (QED)-based approaches would open new opportunities for scaling the network into the practical and useful quantum information processing (QIP) systems [1] . Among the proposed schemes, the systems of self-assembled quantum dots (QDs) embedded in photonic crystal (PC) nanocavities have been a kind of very promising systems. That is not just because the strong QDcavity interaction can be realized in these systems [2] [3] [4] , but also because both QDs and PC cavities are suitable for monolithic on-chip integration.
However, there are two main challenges in this kind of systems. One is that the variation in emission frequencies of the self-assembled QDs is large [5] . It is very difficult to achieve identical QDs in experiments, so it is important to realize QIP with non-identical QDs which include both the near-resonant QDs and the nonresonant QDs. The other is that the phase gate is an unconventional geometric gate, and it can be constructed with the spatially separated QDs.
The organization of this paper is as follows. In Sec.2, we introduce the theoretical model and effective Hamiltonian. In Sec.3, we review the definition of the unconventional geometric phase and present a two-qubit controlled phase gate based on the unconventional geometric phase. In Sec.4, we show the simulations and discussions of the two-qubit operation. The conclusion is given in Sec.5.
Theoretical Model and effective Hamiltonian
As shown Fig.1 , we consider that two charged GaAs/AlGaAs QDs are non-identical and spatially separated. They are trapped in a single-mode PC cavity. Each dot has two lower states |g = | ↑ , |f = | ↓ and two higher states |e = | ↑↓⇑ , |d = | ↓↑⇓ , here (| ↑ , | ↓ ) and (| ⇑ , | ⇓ ) denote the spin up and spin down for electron and hole, respectively. At zero magnetic field, the two lower states are twofold degenerate. The only dipole allowed transitions |g ↔ |e and |f ↔ |d are coupled with σ + and σ − polarization lights, respectively [10, 24] . If the fields in the σ + polarization are applied to our system [25] , the transition |g ↔ |e in dot j (= A, B) is coupled to the cavity mode with the coupling g j and classical laser fields with the Rabi frequencies Ω j and Ω ′ j , while |f and |d are not affected. The detunings for the cavity mode and classical fields are ∆ C j , ∆ j , and −∆ ′ j , respectively. In our model, the quantum information is encoded in states |g and |f . Then the Hamiltonian describing the interaction between QDs and fields is:
where σ + j = |e j g|, a is the annihilation operator for the cavity mode. In order to derive the effective Hamiltonian which can be used to construct a displacement operator, we use the method proposed in Refs. [19, 26, 27] and assume the following conditions:
The first condition together with the second condition can completely cancel the Stark shifts caused by the classical light fields and related terms. Under the large detuning condition, if the QDs are initially in the ground states, since the probability for QDs absorbing photons from the light fields or being excited is negligible, the excited states will not be populated and can be adiabatically eliminated. Moreover, the third and the final conditions ensure that the terms proportional to |g j | 2 and |g A g B | can be neglected. The fourth condition can guarantee that δ is a tunable constant which is only related to detuning between the cavity field and light fields. In this situation, the effective Hamiltonian can be written as:
where
). The two terms in Eq.(2) describe the coupling between the cavity mode and the classical fields induced by the virtual excited QDs. As mentioned above, the spatially separated QDs can be addressed individually and couple independently to their corresponding classical light fields, we can assume λ j = ǫ which is achievable by using laser fields with suitable Rabi frequencies. Then the effective Hamiltonian reduces to:Ĥ
According to Refs. [15, [17] [18] [19] 21] , since the effective Hamiltonian (3) is only related with the cavity mode coupling the two dots, the time evolution operator takes the form of a displacement operator, it can be used to realize two-qubit controlled phase gates.
Two qubits controlled phase gate
In this section, we will show how to realize the two-qubit controlled phase gate with the effective Hamiltonian (3). At first, we review the definition of the unconventional geometric phase due to a displacement operator along an arbitrary path in phase space [15, [17] [18] [19] 21] . The displacement operator is written as follows:
where α(α * ) is a time-dependent parameter, a † and a are the creation and annihilation operators of the harmonic oscillator (which is the mode of the single-mode cavity in this work), respectively. According to the Baker-Campbell-Hausdorff formula, for a path consisting of N short straight sections ∆α m , m = 1, 2, 3, ..., the total displacement operation can be expressed as:
An arbitrary path γ can be followed in the limit N −→ ∞. Thus we can get
with Θ = Im{ γ α * dα} being the total phase which consists of both the geometric phase and the nonzero DP. Since the nonzero DP is proportional to the geometric phase, the total phase is an unconventional phase [15] .
When the path is closed, we can obtain
In this case, the phase Θ is determined by the area of a loop in the phase space and independent of the quantized state of the harmonic oscillator [17] . According to the definition of the unconventional geometric phase, in the infinitesimal interval [t, t + dt], the system governed by the effective Hamiltonian Eq.(3) will evolve as follows:
where dα f g = iǫ * e −iδt dt, dα gf = dα f g , dα gg = 2dα f g , and |θ u,v (t) (u, v = g, f ) denotes the state of the cavity mode, which is determined by the qubit state |u A |v B at the time t.
If the cavity field is initially in the vacuum state |0 , after an interaction time t, the evolution of the system takes the form of
and
Eq. (11) shows, under the condition t = 2lπ/δ , for l = 1, 2, 3..., the displacement parameter dα uv for state |u A |v B moves along a closed path and returns to the original point in the phase space of the coherent state |α uv . And the system can acquire the different unconventional geometric phases (12) conditional upon the different states of QDs in this way. Within a definite period of time, e.g. from t = 2lπ/δ to t = 2(l + 1)π/δ, the state for the cavity mode evolves from a vacuum state to a coherence state at first, and then evolves to the vacuum state again. Moreover, since Eq. (3) is only dependent on the detuning δ which is not related to the energy-level of QDs, the two-qubit operation (10) can be realized with the system constituted of both non-resonant and near-resonant QDs.
Owing to the detuning δ, after an interaction time t = 2lπ/δ , the evolution of the wavefunction for the system (10) can be summarized by [21] :
where Φ = 2lπ|ǫ| 2 /δ 2 . This two-qubit operation is induced by the cavity mode which couples the two dots. In this situation, since the displacement parameters satisfy dα gg = 2dα gf = 2dα f g , according to Eqs. (11) and (12), the relationship for the amplifies of the coherent states is α gg = 2α f g = 2α gf , and the closed area for φ gg is four times of the one for φ f g = φ gf . So unconventional geometric phases satisfy φ gg = 4φ f g = 4φ gf . After the application of the single-qubit operations |g j → e Φ |g j [28] , two-qubit operation (14) transforms into
The above equation represents an unconventional geometric phase gate. In this quantum phase gate operation, if and only if both qubits are in the state |g , there will be an additional phase −2Φ in the system.
Simulations and Discussions
Finally, we present some numerical simulations to demonstrate our proposal can be realized in current experimental setups and it can robust against prevailing uncertainties and fluctuations of parameters to some extend. For the sake of convenience, we take the two-qubit operation (14) with Φ = π/2 as an example to discuss the realization. Under the condition of large detuning, the influences of spontaneous emission from the excited states of QDs can be ignored, and the main decoherence effect in this system is due to cavity decay. Then the master equation can be written as follows:
where ρ is the reduced density operator of the system, γ is the cavity decay rate. The fidelity of the two-qubit operation can be expressed as:
where . The numerical calculations for the fidelities of the two-qubit operation versus the cavity decay rate are given in Fig. 2 , and these fidelities are the average over fidelities for 500 different initial states |Ψ in . In doing so, some experimental parameters in Refs. [24, 29, 30] are referred. Fig. 2 shows the following: Firstly, with the increase of γ/γ 0 , here γ 0 = (5ns) −1 is the cavity decay rate that has been achieved in the experiment [29, 30] , the fidelity for the twoqubit operation decreases. It means that the cavity decay affects the fidelity of the two-qubit operation largely [19] . The reason for this is that the state of cavity mode evolves between the vacuum state and the coherent state. It is worth pointing out that the decay of coherent state depends on the mean photon number of coherent state and the cavity decay. On the one hand, when the mean photon number is definite, the decay of coherent state increases with increasing the cavity decay. On the other hand, when the cavity decay is definite, the decay of coherent state increases with increasing the mean photon number of coherent state. Secondly, with the increase of δ, the fidelity of the two-qubit operation increases for the decrease of the mean photon number of coherent state. Thirdly, the fidelity for δ = 0.25g A (δ = 2g A ) is about 99.98%(99.95%) when the cavity decay rate is γ = γ 0 , and it decreases to about 99.96%(99.88%) when γ = 2γ 0 . Moreover, as accumulated unconventional geometric phase for one loop would be small, our system has to take multi-loops. For this reason, our scheme needs a good cavity, which can prevent the photons leaking from the cavity and ensure the higher fidelity. In addition, according to the parameters in Fig. 2 , the two-qubit operation time for δ = 0.25g A (δ = 2g A ) is about 1.7ns(13.5ns) which is much smaller than the effective decay time of cavity γ/( |ǫ| 2 δ 2 ) ∼ 120ns(4000ns). Therefore, it is possible to realize our scheme in the experiment.
Besides the effect of the decoherence, there are some other factors that affect the fidelity of the two-qubit operation, the prevailing factors in our scheme are the uncertainties and fluctuations of parameters, for example, they might add unwanted phases to the two-qubit operation. According to Ref. [31] , we can calculate the fidelity of the two-qubit operation versus the parameter fluctuation as shown in Fig.3 . For the sake of simplicity, we assume ζ = ∆k j /k j > 0 with ∆k j being the corresponding parameter fluctuation. In this case, both QDs undergo the same parameter fluctuations when ζ is definite. Fig.3 shows that the variation trends for all curves of the fidelity are the same. In the absence of parameter fluctuations, the fidelities of two-qubit operation can be as high as F = 99.95%. When the parameter fluctuations are included, fidelities decrease with the increase of parameter fluctuations. The fidelity for ζ = 0.02 is about 99.62%, and it decreases to about 98.81% when ζ = 0.04. Therefore, to some extent our scheme can also resist against errors due to the parameter fluctuations. Note that, each curve in Fig.3 is only corresponding to one kind of parameter fluctuation.
Conclusion
In conclusion, we have shown that in a single-mode PC cavity, two non-identical and spatially separated QDs driven by the classical light fields can be used to realize the two-qubit controlled phase gate. During the gate operation, the QDs remain in their ground states, while the cavity mode is displaced along a circle in the phase space, and the system can acquire different unconventional geometric phases conditional upon the states of QDs. After the application of the single-qubit operations, the controlled phase gate based on the unconventional geometric phase can be constructed. The distinct advantages of the proposed scheme are the follows: firstly, as this controlled phase gate is based on the unconventional geometric phase, it can resist against the parameter uncertainties and fluctuations to some extent [15, 21] ; secondly, as the QDs are non-identical, it is more practical in the experiment; thirdly, as the quantum information is encoded in the two ground states, this gate is insensitive to the spontaneous emission of the QDs [17] . Finally, we have to point out the shortcoming in our scheme is that the single qubit operations cannot be realized with our model directly. (14) versus the parameter fluctuations. The decay rate for cavity is given by γ = γ 0 . All other parameters are the same for the blue line in Fig. 2 . The configuration of the level structure and relevant transitions for dot j (= A, B). The states |g j and |f j correspond to two lower levels, while |e j and |d j are two higher levels. The transition |g j ↔ |e j is coupled to the cavity mode with g j and classical laser fields with the Rabi frequencies Ω j and Ω 
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